Several partial results have been obtained in order to prove that the components of the Fatou set of the family f λ (z) = λ sin(z) are bounded for |λ| ≥ 1. In particular, Domínguez and Sienra have given a proof for values of λ on the unit circle of parabolic type; Gaofei Zhang has proved that, in the case λ = e 2πi θ with θ an irrational number of bounded type, f λ (z) = λ sin(z) has a bounded Siegel disk invariant and all the others components (bounded) are its preimages. Furthermore, Domínguez and Fagella have proved the boundedness of all the Fatou components for the sine family in the case |Re (λ)| > π 2 based in the construction of a dynamic hair via exponential tracts.
In this paper, we give new proofs related to the unboundedness and complete invariance of the Fatou component that contains 0 when 0 < |λ| < 1 and also of the boundedness of all the Fatou components when λ = e 2πi p q , where p, q ∈ Z, q = 0.
In our first main theorem, we prove that the components of the Fatou set are bounded in the case |λ| > 1 with the additional hypothesis that the post-singular set of f λ is bounded using the existence of hairs guaranteed by the work of Benini and Rempe.
Introduction
We consider the iteration of transcendental entire functions in the family f λ (z) = λ sin(z) , λ ∈ C * = C \ {0}. This family is contained in the Eremenko-Lyubich class B, class that consists of those transcendental entire functions for which the set of singularities, S( f ) (critical values together with asymptotic values), is bounded. In fact, in the sine family, the set of singularities is finite, so this family is contained in the Speiser class, S.
The sequence of iterates produces the well known dichotomy between the Fatou set of f , denoted by F ( f ), defined as the set of those points z ∈ C such that the sequence f n n∈N forms a normal family in some neighbourhood U of z, and its complement, the Julia set of f , denoted by J ( f ). Good introductions into the subject are Beardon [2] , Milnor [10] and Hua [9] . An excellent and very insightful survey about the Eremenko-Lyubich class is Sixsmith [12] .
Well known properties of this sets that occur in very general settings and in particular for transcendental entire functions in the class B are the following:
2. Both sets are completely invariant.
3. For every positive integer k, F ( f k ) = F ( f ) and J ( f k ) = J ( f ). 4 . J ( f ) is perfect. 5 . If J ( f ) has nonempty interior, then F ( f ) = ∅. 6 . J ( f ) is the closure of the set of repelling periodic points of f .
Since wandering domains are impossible for f ∈ S, the only possible periodic Fatou components that can appear in the sine family are attracting domains, parabolic domains and Siegel disks. [8] Eremenko and Lyubich in [8] showed that, if f ∈ B, then the escaping set, I ( f ), is contained in the Julia set of f , where
The following properties of the set I ( f ) were proved by Eremenko [7] for a transcendental entire function f .
4. I ( f ) has no bounded components.
In that paper, Eremenko made the conjecture that, for an arbitrary transcendental entire function, "It is plausible that the set I ( f ) always has the following property: every point z ∈ I ( f ) can be joined with ∞ by a curve in I ( f ) ".
However, even in the small class B, Rottenfusser, Rückert, Rempe and Schleicher [11] have shown that there exists an hyperbolic entire function f such that every path connected component of J ( f ) is bounded, so Eremenko's conjecture is false.
Despite of this result in the negative, they have proven that Eremenko's conjecture is true if f is a finite composition of functions in the class B of finite order of growth, i.e., f = g 1 • · · · • g n such that for all i ∈ {1, . . . , n}, g i ∈ B and log log |g i (z)| = O(log |z|)
as |z| → ∞.
The above results are very important for us because, although by other methods (developed by Devaney and Tangerman [4] ), the existence of these curves dynamically defined and contained in J ( f ) has been used by Domínguez and Fagella [5] in order to show that the Fatou components of f λ (z) = λ sin(z) are bounded in the case |Re (λ)| > π 2 . In fact, the proofs of our results in the parabolic and repelling cases are based in the arguments given in [5] .
Definition 1. An invariant hair of a transcendental entire function f is a continuous and injective maximal curve
A periodic hair is a curve that is an invariant hair for some iterate f n of f . If the limit lim t →0 γ(t ) = z 0 exists, we say that the curve γ lands at z 0 .
We recall that the post-singular set of f is the set defined as
Benini and Rempe [3] have proven that if f ∈ B and f has finite order of growth (in fact, they state and prove their theorem in a more general setting) and P ( f ) is bounded, then every periodic hair of f lands at a repelling or parabolic point and conversely, every repelling or parabolic point of f is the landing point of at least one and at most finitely many periodic hairs.
In this paper we give a new proof for each of the following theorems which were proved by Domínguez and Sienra in [6] Theorem (Attracting Case). For the map f λ (z) = λ sin(z) where 0 < |λ| < 1 the Fatou set of f λ consists of a simply connected, completely invariant component U .
Finally, using the result of Benini and Rempe mentioned above, we can prove that the components of the Fatou set of f λ are bounded for some values of λ with |λ| > 1 as follows.
Theorem (Repelling Case). If |λ| > 1 and P ( f λ ) is bounded, then all the components of F ( f λ ) are bounded.
In the last Section, we use the same ideas on a more general family, the extended sine family f λ,a (z) = λ sin(z) + a. We prove that if |λ| > 1, P ( f λ,a ) is bounded and does not exists a Fatou component containing all the critical points of f λ,a , then all the components of F ( f λ,a ) are bounded. Also, if the component containing all the critical points is forward invariant then f λ,a must be of disjoint type, where
Attracting Case
Consider the map f λ (z) = λ sin(z), we remark that λ sin(−z) = −λ sin(z), it implies that the orbits of −z and z are symmetrical and thus the sets F ( f λ ) and That is immediate using the identities sin π Proof. We know that λ and −λ are in the component of the Fatou set W 0 that contains the origin since they are critical values, thus, there exists a simple curve γ ⊂ W 0 , symmetrical with respect to the origin connecting λ, 0 and −λ in this order. Let Γ = f −1 λ (γ), then Γ has the same central symmetry that γ, contains all the singular points, is unbounded and is contained in W 0 . Furthermore, we can suppose that Γ is a simple curve. Now, consider all the inverse images of Γ under f λ and denote by Γ k that one than contains the point πk. Clearly, all these curves are contained in W 0 . Denote as Γ + k the part of the curve Γ k that is above of Γ, see Figure 2 .
Suppose that W 0 is not completely invariant, then exists a Fatou component Figure 3 If we consider f λ restricted to the region A, f λ is 1 − 1 and onto its image
Furthermore, because W 0 is unbounded, it is simply connected by Theorem 1 in Baker [1] .
Parabolic Case
For the parabolic case we need some previous results.
Definition 3. Let f be an entire function. f is criniferous if for every z ∈ I ( f ) and for all sufficiently large n there is an arc γ n connecting f n (z) to ∞, in such a way that γ n+1 = f (γ n ) and min z∈γ n |z| → ∞.
It has been shown in [11] that if f ∈ B and is a finite composition of functions of finite order of growth, then f is criniferous.
In our case, we have that sin(z) has finite order of growth since | sin(z)| ≤ | cosh |y|| = e |y| + e −|y| 2 ≤ e |y| + e |y| 2 = e |y| ≤ e |z| and, because all the polynomials have finite order of growth, f λ is criniferous for all λ ∈ C * .
We will use the following theorem due to Benini and Rempe [3] in order to get periodic hairs in the parabolic and repelling cases (with post-singular set bounded).
Theorem (Benini, Rempe) . Let f be a transcendental entire function such that P ( f ) is bounded. Then every periodic ray of f lands at a repelling or parabolic periodic point. If, in addition, f is criniferous, then conversely every repelling or parabolic periodic point of f is the landing point of at least one and at most finitely many periodic hairs.
Proof. Suppose that the conclusion is false, then exists a sequence (t n ) n∈N , t n > t 0 such that γ(t n ) is on the real axis and t n → ∞ when n → ∞. So, for all n ∈ N, f λ (γ(t n )) is contained in the segment joining −λ and λ. This contradicts the fact that f λ • γ is a periodic hair that converges uniformly to ∞. Lemma 2. If there exists a periodic hair γ of f λ horizontally unbounded that lands at 0, then the set A defined as the intersection of f λ (γ) with the real axis is bounded by 2π.
Proof. Suppose that γ is a periodic hair horizontally unbounded and consider the connected components R k of the inverse image of the real axis under f λ where R k is the component that contains the point kπ, k ∈ Z (in the case λ ∈ R, R k will be the line Re(z) = π 2 + kπ).
Since γ converges uniformly to ∞ and is horizontally unbounded, exists t 0 ∈ R + that satisfies the following properties:
). Furthermore, because γ is horizontally unbounded, exists t 1 > t 0 such that γ(t 1 ) ∈ R k 0 +1 ; so, we can 
the real axis, see Figure 4 Since f λ is periodic, γ 2 = γ 1 + 2π is a pre-periodic hair. Now, we have that there exist points of γ 2 inside and outside of G, so γ 1 ∩γ 2 = ∅. If w ∈ γ 1 ∩γ 2 then w and w −2π are both in γ contradicting the injectivity of f λ •γ as a periodic hair.
In conclusion, A ⊂ (−2π, 2π).
Lemma 3.
If γ is a periodic hair of f λ that lands at 0, then γ is horizontally bounded.
Proof. Suppose that γ is a periodic hair of f λ that lands at 0 and is horizontally unbounded, then, following the notation of the previous lemma, exists a sequence (t n ) n∈N , t n ∈ R + and t n → ∞ such that γ(t n ) ∈ R n for all n ∈ N. But, by the mentioned lemma, |( f λ •γ)(t n )| < 2π for all n ∈ N contradicting that, being f λ • γ another periodic hair, | f λ (γ(t ))| → ∞ when t → ∞. Proof. Since f n λ (λ) → 0 then the post-critical set of f λ is bounded and considering that this function is criniferous and the origin is a parabolic point, there exists, by the result of Benini and Rempe, a periodic hair γ landing at zero. So, γ ∪ {0} ∪ (−γ) together with all their translations by entire multiples of 2π divide the complex plane into infinitely many strips B k , k ∈ Z, where each of the B k 's is horizontally bounded by Lemma 3.
Now we can prove
Let G 0 be a periodic component of the Fatou set associated to the parabolic point 0 such that G 0 is unbounded. Because G 0 ⊂ B 0 ∪ B −1 (the only strips B i such that γ ⊂ ∂B i ), then G 0 must be vertically unbounded. Furthermore, the same can be said for all the parabolic periodic cycle and thus, all of them are contained in the set
for some N ∈ N and we can suppose that N > 3.
Let z 0 = x 0 + i y 0 ∈ G 0 such that |y 0 | is large enough to satisfy sinh(|y 0 |) > c 1 N for some constant c 1 > 10, for example.
Thus | f (z 0 )| = | sin(z 0 )| > sinh |y 0 | > c 1 N , it implies that f (z 0 ) is in the exterior of the circle with center at the origin and radius c 1 N , but inside B . It implies that the absolute value of the imaginary part of z 1 = f (z 0 ) = x 1 + i y 1 must be greater than (c 1 N ) 2 − N 2 , i.e.
Now, we can estimate the modulus of z 2 = f (z 1 ) = x 2 + i y 2 as follows
Therefore, z 2 is in the exterior of the circle with center at the origin and radius
Thus, we can estimate the absolute value of the imaginary part of z 2 as follows
Observe that the last expression is again of the form c 2 2 − 1 · N . Putting α = c 2 1 − 1 · N we can compare c 1 with c 2 , this is,
Therefore, c 2 > c 2 1 and so |y 2 | > c 4 1 − 1 · N . The process can be continued indefinitely in such a way that if z n = f n λ (z 0 ) = x n + i y n , then |y n | > c 2 n 1 − 1 · N , so |z n | → ∞ when n → ∞. This implies that z 0 ∈ I ( f λ ) ⊆ J ( f λ ) contradicting the choice of z 0 in a Fatou component of f λ . So, all the periodic components of Fatou in this case are bounded and, because there is no asymptotic values for this family of functions and all the components are horizontally bounded then all of them are bounded.
Repelling Case
We will use the same arguments developed in Section 4 to prove Theorem (Repelling Case). If |λ| > 1 and P ( f λ ) is bounded, then all the components of F ( f λ ) are bounded.
Proof. The post-singular set of f λ is bounded by hypothesis, thus the result of Benini and Rempe guarantees that 0 is the landing point of at least one periodic hair γ which is horizontally bounded by Lemma 3. So, γ∪{0}∪(−γ) together with all its 2πZ-translates divide the complex plane into strips B k . If a periodic component U of the Fatou set of f λ is unbounded, it must be completely contained in some of these strips and thus U is horizontally bounded too. Therefore, the complete periodic cycle, being a finite union of horizontally bounded sets must be contained in the set
Using the same arguments that in the parabolic case and the fact that, in this case, |λ sin(z)| > | sin(z)| we have that all the components of any periodic cycle must be bounded. Finally, f λ does not have asymptotic values and the components are horizontally bounded, hence the strictly pre-periodic components are bounded too.
The Extended Sine Family
In this section we will use the methods used in the proofs of the cases parabolic and repelling for the sine family in order to show that the components of the Fatou set of the functions in the extended family:
are also bounded in the case |λ| > 1 with P ( f λ,a ) bounded, supposing that f λ,a is not of disjoint type.
If f λ,a were of disjoint type then the Fatou set of f λ,a consists of an unique unbounded component.
Observe that Lemma 1 remains valid in the case of the extended family because the image under f λ,a of any parallel line to the real axis is an ellipse: a bounded set. Thus, a periodic hair (which converges uniformly to infinity) of f λ,a landing at a periodic point can not intersect without bound any of these parallel horizontal lines. This implies that γ(t ) is eventually contained in any
Afirmation. The Lemma 2 is also true in the case of the extended sine family, where γ is a periodic hair of f λ,a landing at a periodic point z 0 . Now, the set A is
Proof. Let L z 0 = {z ∈ C|I m(z) = I m(z 0 )}. We only need to observe that, although the components of the inverse image of L z 0 do not intersect L z 0 necessarily, γ is eventually contained in an upper half-plane H * whose boundary intersect all these components, see Figure 5 . Hence exists t 0 ∈ R + that satisfies the following properties:
3. γ(t ) ∈ H * ∀t ≥ t 0 (w.l.o.g., by Lemma 1 applied to the extended family).
The argument follows as in the proof of Lemma 2.
It is clear that Lemma 3 is valid too in the case of the extended sine family changing only the landing point of the periodic hair.
Furthermore, although the central symmetry in the origin has been lost, it is yet true that π
The extended family is also contained in the Speiser class S and their maps are a finite composition of functions of finite order of growth, so they are criniferous. Proof. Suppose that the periodic cycle is contained in the strip B = {z ∈ C| − N < Re(z) < N } for some N ∈ N. Observe that for the usual sine function f λ (z) = λ sin(z) we can take y 0 large enough as in the proof of Theorem (Parabolic Case) in such a way that we know that the imaginary part of f n λ (z 0 ) = x n + i y n goes to infinity when n → ∞.
Note that the imaginary part of z 1 is greater than sinh |y 0 | − where is as small as we want choosing y 0 large enough; we simply use that < |a|, see Figure 6. Additionally, we require y 0 satisfying sinh |y 0 | > 3|a|, cosh |y 0 | > 4 and |λ|e −y 0 < |a|. Similar inequalities holds for all y n because the sequence (|y n |) n∈N is strictly increasing. Now we show that for a map in the extended sine family f λ,a (z) = λ sin(z)+ a we can choose a point w 0 in the vertically unbounded cycle of Fatou components of f λ,a such that the modulus of the imaginary parts of its iterates under f λ,a is greater than the corresponding modulus of the sequence y n .
Choose w 0 = u 0 + i v 0 such that |v 0 | > |y 0 | + |a| and consider w n = u n + i v n = f n λ,a (w 0 ). We are going to prove by induction that |v n | > |y n | + |a|.
• The case n = 0 is true by the choice of w 0 .
• Suppose that |v n | > |y n | + |a|, then |y n+1 | < |z n+1 | < |λ| cosh |y n | and |v n+1 | > |λ| sinh |v n | − − |a| > |λ| sinh(|y n | + |a|) − − |a| > |λ|(sinh |y n | cosh |a| + cosh |y n | sinh |a|) − − |a| In the case |a| < 1 |v n+1 | − |y n+1 | > |λ| sinh |y n | cosh |a| + |λ| cosh |y n | sinh |a| − − |a| − |λ| cosh |y n | > |λ|(sinh |y n | − cosh |y n |) + |λ| cosh |y n | sinh |a| − − |a| > −|λ|e −|y 0 | + |λ| cosh |y n ||a| − − |a| > 4|a| − 3|a| = |a|. Done.
So, if W i is an unbounded (vertically) component of the Fatou set of f λ,a , then w n ∈ ∪ m i =1 W i goes to infinity when n → ∞. Hence w n ∈ I ( f λ,a ) ⊆ J ( f λ,a ) contradicting that w n ∈ F ( f λ,a ) . Therefore, all the components of the Fatou set in the periodic cycle are bounded.
In the case f λ (z) = λ sin(z) we have an evident fixed point at 0 with multiplier λ. For the maps f λ,a we have problems to find the exact localization of the fixed points and their respective multipliers. However, because the map G(z) = λ sin(z) − z is entire without asymptotic singularities we have that the equation
has an infinity of solutions (fixed points of f λ,a ) for all a ∈ C.
Furthermore, since f λ,a (z) = λ cos(z) and f λ,a (z) − a = λ sin(z), we have that
(1)
Definition 4. Let A be a connected subset of C. We say that A has a T + −end
Theorem On the other hand, using the result of Benini and Rempe, we have that each periodic repelling and parabolic point of f λ,a is the landing point of a periodic hair. Suppose that two periodic hairs γ 1 and γ 2 land in a periodic point z 0 of this type such that γ 1 has a T + −end and γ 2 has a T − −end. By Lemma 3 (using z 0 as landing point), γ 1 and γ 2 are horizontally bounded and thus, γ 1 ∪ {z 0 } ∪ γ 2 together with all its 2πZ-translates divide the plane in such a way that any component of the Fatou set of f λ,a must be horizontally bounded. Therefore, by Lemma 4 all the components of any periodic cycle of f λ,a are bounded and, because f λ,a has not asymptotic values, all the Fatou components of the map are bounded.
The same occurs if exists a point z 0 ∈ J ( f λ,a ) such that for every neighbourhood V of z 0 there are z 1 and z 2 repelling periodic points in V with hairs γ 1 and γ 2 landing in them, respectively, and satisfying that γ 1 has a T + −end and γ 2 has a T − − end .
The last possibility happens when there exists a Fatou component U of f λ,a that produces a disconnection between the set of all repelling or parabolic periodic points such that all their landing hairs have T + − end s and the set of all repelling or parabolic points all of whose hairs have T − − end s.
We have two cases:
• The real axis is contained in U . In this case U contains all the critical points of the map contradicting that U must avoid at least one of them.
• Exists a point z 0 = x 0 + 0i in the Julia set of f λ,a such that in some neighbourhood of z 0 there are only repelling or parabolic periodic points whose landing hairs have (w.l.o.g) T + − end s. We can choose z 0 such that − π 2 < x 0 < π 2 due to 2π periodicity and central symmetry of f λ,a in π 2 .
Again, by central symmetry in π 2 , the point z 1 = π − x 0 has a neighbourhood where every repelling or parabolic periodic points has all their landing hairs having T − − end s. Hence, by 2π-periodicity, U must slide above and below the real axis all the way.
Moreover, U must contain both critical points π 2 and − π 2 because, in other case, we can suppose that (w.l.o.g.) π 2 ∉ U and consider the symmetrical Fatou domain U * of U with respect to π 2 . Now, if U = U * then, since π 2 ∉ U , U is infinitely connected, which is impossible. If U = U * then there exists a periodic hair Γ between them, but in this case Γ would be horizontally unbounded contradicting Lemma 3. Hence { π 2 , − π 2 } ⊂ U and, by periodicity, all the critical points are in U . Hence this case is also impossible.
In conclusion, all the components of the map f λ,a must be bounded.
Theorem (Disjoint Type). Suppose that U is an unbounded component of the Fatou set of f λ,a , where |λ| > 1 and P is bounded. If U is forward invariant then f λ,a is of disjoint type.
Proof. By the proof of the previous Theorem we know that, since U is unbounded, it must contain all the critical points of f λ,a . Also, U must contain the critical values because U is forward invariant. Hence, as U contains all the inverse images of any critical value, U is completely invariant.
The classification of periodic components of the Fatou set gives three possible cases:
• U is a Siegel disc. This case is impossible because it is clear that f λ,a is not univalent in U .
• U is a parabolic domain. In this case the multiplier of the fixed parabolic point z 0 is equal to 1, so, by the equation (1):
Because λ sin(z 0 ) + a = z 0 = λ 2 − 1 + a, we have that λ sin(z 0 ) = λ 2 − 1, furthermore, f λ,a (z 0 ) = 1 implies that λ cos(z 0 ) = 1. So, i λ λ 2 − 1 + 1 λ = i sin(z 0 ) + cos(z 0 ) = e i z 0 It means that e i z 0 does not depend of a, and thus a = 2πk 0 for some k 0 ∈ Z. We remark that, in this case, 2πk 0 is a repelling fixed point of the map f λ,2πk 0 , which implies that there exists a fixed hair γ landing at 2πk 0 .
Now, the map f λ,2πk 0 has a central symmetry with respect to 2πk 0 as the following calculation shows:
The points 2πk 0 + z and 2πk 0 − z are symmetrical with respect to 2πk 0 . Applying the map to each of them we have • U is an attractive domain. Since U is completely invariant, U = F ( f λ,a ) contains all the critical points and critical values of f λ,a (Theorem 6 in [8] ) which implies that z 0 is the unique attracting fixed point. Therefore, f λ,a is of disjoint type.
We conjecture that, if f λ,a is post-critically bounded, |λ| > 1 and U is a component unbounded of the Fatou set of f λ,a then f λ,a is of disjoint type, this is U is completely invariant.
Finally, we show that it is possible to find examples of maps f λ,a of disjoint type with |λ| > 1. Consider the map f λ,a with λ = −1.003 and a = π 2 − 1.003. This map satisfies that f λ,a ([− π 2 , π 2 ]) ⊂ [− π 2 , π 2 ] and f λ,a (− π 2 ) = π 2 , so all the critical points converge to the same attracting fixed point z 0 ≈ 0.28541 and the map is of disjoint type, see Figure 7 .
In this example, the parameters are real numbers, this allows to show easily that the map is of disjoint type, however, being a structurally stable map, there are a lot of examples of disjoint type maps f λ,a with |λ| > 1 and complex parameters, see 
